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FAITHFUL ACTIONS OF THE ABSOLUTE GALOIS GROUP
ON CONNECTED COMPONENTS OF MODULI SPACES
INGRID BAUER, FABRIZIO CATANESE AND FRITZ GRUNEWALD
Abstract. We give a canonical procedure associating to an algebraic num-
ber a first a hyperelliptic curve Ca, and then a triangle curve (Da, Ga)
obtained through the normal closure of an associated Belyi function.
In this way we show that the absolute Galois group Gal(Q¯/Q) acts faith-
fully on the set of isomorphism classes of marked triangle curves, and on the
set of connected components of marked moduli spaces of surfaces isogenous
to a higher product (these are the free quotients of a product C1 × C2 of
curves of respective genera g1, g2 ≥ 2 by the action of a finite group G). We
show then, using again the surfaces isogenous to a product, first that it acts
faithfully on the set of connected components of moduli spaces of surfaces
of general type (amending an incorrect proof in a previous ArXiv version
of the paper); and then, as a consequence, we obtain that for every element
σ ∈ Gal(Q¯/Q), not in the conjugacy class of complex conjugation, there
exists a surface of general type X such that X and the Galois conjugate
surface Xσ have nonisomorphic fundamental groups.
Using polynomials with only two critical values, we can moreover exhibit
infinitely many explicit examples of such a situation.
Introduction
In the 60’s J. P. Serre showed in [Ser64] that there exists a field automor-
phism σ ∈ Gal(Q¯/Q), and a variety X defined over Q¯ such that X and the
Galois conjugate variety Xσ have non isomorphic fundamental groups, in par-
ticular they are not homeomorphic.
In this note we give new examples of this phenomenon, using the so-called
‘surfaces isogenous to a product’ whose weak rigidity was proven in [Cat00]
(see also [Cat03]) and which by definition are quotients of a product of curves
(C1×C2) of respective genera at least 2 by the free action of a finite group G.
One of our main results is a strong sharpening of the phenomenon discovered
by Serre: observe in this respect that, if c denotes complex conjugation, then
X and X c are diffeomorphic.
Theorem 0.1. If σ ∈ Gal(Q¯/Q) is not in the conjugacy class of c, then there
exists a surface isogenous to a product X such that X and the Galois conjugate
variety Xσ have non isomorphic fundamental groups.
Moreover, we give some faithful actions of the absolute Galois group
Gal(Q¯/Q), related among them.
The following results are based on the concept of a (symmetry-) marked
variety. A marked variety is a triple (X,G, η) where X is a projective variety,
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and η : G → Aut(X) is an injective homomorphism (one says also that we
have an effective action of the group G on X): here two such triples (X,G, η),
(X ′, G′, η′) are isomorphic iff there are isomorphisms f : X → X ′, and ψ : G→
G′ such that f carries the first action η to the second one η′ (i.e., such that
η′ ◦ψ = Ad(f)◦η, where Ad(f)(φ) := fφf−1). A particular case of marking is
the one where G ⊂ Aut(X) and η is the inclusion: in this case we may denote
a marked variety simply by the pair (X,G).
Theorem 0.2. To any algebraic number a /∈ Z there corresponds, through a
canonical procedure (depending on an integer g ≥ 3), a marked triangle curve
(Da, Ga).
This correspondence yields a faithful action of the absolute Galois group
Gal(Q¯/Q) on the set of isomorphism classes of marked triangle curves.
Theorem 0.3. The absolute Galois group Gal(Q¯/Q) acts faithfully on the set
of connected components of the (coarse) moduli spaces of e´tale marked surfaces
of general type.
With a rather elaborate strategy we can then show the stronger result:
Theorem 0.4. The absolute Galois group Gal(Q¯/Q) acts faithfully on the set
of connected components of the (coarse) moduli space of surfaces of general
type.
Our method is closely related to the so-called theory of ‘dessins d’ enfants’
(see [Gro97]). Dessins d’ enfants are, in view of Riemann’s existence theorem
(generalized by Grauert and Remmert in [GR58]), a combinatorial way to
look at the monodromies of algebraic functions with only three branch points.
We emphasize once more how we make here an essential use of Belyi functions
([Belyi79]) and of their functoriality. Our point of view is however more related
to the normal closure of Belyi functions, the so called marked triangle curves,
i.e., pairs (C,G) with G ⊂ Aut(C) such that the quotient C/G ∼= P1 and the
quotient map is branched exactly in three points.
In the first section we describe a simple but canonical construction which,
for each choice of an integer g ≥ 3, associates to a complex number a ∈ C \Q
a hyperelliptic curve Ca of genus g, and in such a way that Ca ∼= Cb iff a = b.
In the later sections we construct the associated triangle curves (Da, Ga)
and prove the above theorems.
It would be interesting to obtain similar types of results, for instance for-
getting about the markings in the case of triangle curves, or even using only
Beauville surfaces (these are the surfaces isogenous to a product which are
rigid: see [Cat00] for the definition of Beauville surfaces and [Cat03],[BCG05],
[BCG06] for further properties of these).
Theorem 0.4 was announced by the second author at the Alghero Confer-
ence ’Topology of algebraic varieties’ in september 2006, and asserted with an
incorrect proof in the previous ArXiv version of the paper ([BCG07]). The
survey article [Cat09] then transformed some of the theorems of [BCG07] into
conjectures. The present article then takes up again some conjectures made
previously in [BCG07] and repeated in [Cat09].
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The main new input of the present paper is the systematic use of twists of
the second component of an action on a product C1×C2 by an automorphism
of the group G and the discovery that this leads to an injective homomorphism
of the Kernel K of the action (on the set of connected components pi0(M) of the
moduli space of surfaces of general type) into some Abelian group of the form
⊕G(Z(Out(G)), Z denoting the centre of a group. Then we use a known result
(cf. [F-J08]) that Gal(Q¯/Q) does not contain any nontrivial normal abelian
subgroup.
Observe that Robert Easton and Ravi Vakil ([E-V07]), with a completely
different type of examples, showed that the Galois group Gal(Q¯/Q) operates
faithfully on the set of irreducible components of the moduli spaces of surfaces
of general type.
In the last section we use Beauville surfaces and polynomials with two critical
values in order to produce infinitely many explicit and simple examples of pairs
of surfaces of general type with nonisomorphic fundamental groups which are
conjugate under the absolute Galois group (observe in particular that the two
fundamental groups have then isomorphic profinite completions).
1. Very special hyperelliptic curves
Fix a positive integer g ∈ N, g ≥ 3, and define, for any complex number
a ∈ C \ {−2g, 0, 1, . . . , 2g − 1}, Ca as the hyperelliptic curve of genus g
w2 = (z − a)(z + 2g)Π2g−1i=0 (z − i)
branched over {−2g, 0, 1, . . . , 2g − 1, a} ⊂ P1C.
Proposition 1.1.
(1) Consider two complex numbers a, b such that a ∈ C \Q: then Ca ∼= Cb
if and only if a = b.
(2) Assume now that g ≥ 6 and let a, b ∈ C \ {−2g, 0, 1, . . . , 2g− 1} be two
complex numbers. Then Ca ∼= Cb if and only if a = b.
Proof. One direction being obvious, assume that Ca ∼= Cb.
1) Then the two sets with 2g + 2 elements Ba := {−2g, 0, 1, . . . , 2g − 1, a}
and Bb := {−2g, 0, 1, . . . , 2g − 1, b} are projectively equivalent over C (the
latter set Bb has also cardinality 2g + 2 since Ca ∼= Cb and Ca smooth implies
that also Cb is smooth).
In fact, this projectivity ϕ is defined over Q, since there are three rational
numbers which are carried into three rational numbers (because g ≥ 2).
Since a /∈ Q it follows that ϕ(a) /∈ Q hence ϕ(a) = b /∈ Q and ϕ maps B :=
{−2g, 0, 1, . . . 2g− 1} to B, and in particular ϕ has finite order. Since ϕ yields
an automorphism of P1R, it either leaves the cyclical order of (−2g, 0, 1, . . . , 2g−
1) invariant or reverses it, and since g ≥ 3 we see that there are 3 consecutive
integers such that ϕ maps them to 3 consecutive integers. Therefore ϕ is either
an integer translation, or an affine symmetry of the form x 7→ −x+2n, where
2n ∈ Z. In the former case ϕ = id, since it has finite order, and it follows in
particular that a = b. In the latter case it must be 2g+2n = ϕ(−2g) = 2g−1
and 2n = ϕ(0) = 2g − 2, and we derive the contradiction −1 = 2n = 2g − 2.
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2) The case where a, b ∈ Q is similar to the previous one: ϕ preserves or
reverses the cyclical order of the two sets, and we are done as before if ϕ(a) = b.
Observe that the set Ba := {−2g, 0, 1, . . . , 2g − 1, a} admits a parabolic
transformation ψ(x) := x + 1, with ∞ as fixed point, with the properties
that |ψ(Ba) ∩ Ba| ≥ 2g − 1, and that there is an element 0 ∈ Ba such that
ψ(0), . . . , ψ2g−1(0) ∈ Ba. If Bb is projectively equivalent to Ba, then also Bb
inherits such a parabolic transformation τ with this property.
Assume that the fixed point of τ is ∞: then ϕ(∞) = ∞, ϕ is affine and,
since ϕ ◦ ψ = τ ◦ ϕ, τ is of the form τ(x) = x + m, for some m ∈ Q, and
moreover ϕ(x) = mx + r, for some r ∈ Q. In fact, if we set ϕ(x) = ax + r,
ϕ ◦ ψ = τ ◦ ϕ⇔ a(x+ 1) + r = ax+ r +m⇔ m = a.
Since τ(x) = x +m, the above property implies that m = ±1, hence also
ϕ(x) = ±x+ r.
Claim: ϕ(x) = ±x+ r =⇒ a = b.
First proof of the claim:
If ϕ(x) = x+ r, then Bb contains {r, . . . , (2g − 1) + r} and either
(1) r = 0 and ϕ = id or
(2) r = 1, Bb contains 2g and −2g + 1, a contradiction, or
(3) r = −1, Bb contains −1 and −2g − 1, a contradiction.
Similarly, if ϕ(x) = −x+ r, Bb contains {r − (2g − 1), . . . , r} and either
(1) r = 2g − 1 and a = b = 4g − 1 or
(2) r = 2g, Bb contains 2g and 4g, a contradiction, or
(3) r = 2g − 2, Bb contains −1 and −4g − 2, a contradiction.

Let w be the fixed point of τ : then we may assume that w ∈ Q and we must
exclude this case. Observe that in the set Bb each consecutive triple of points
is a triple of consecutive integers, if no element in the triple is −2g or b. This
excludes at most six triples. Keep in mind that a ∈ Ba and consider all the
consecutive triples of integers in the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}: at most
two such triples are not a consecutive triple of points of Ba. We conclude that
there is a triple of consecutive integers in the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}
mapping to a triple of consecutive integers under ϕ. Then either ϕ is an integer
translation x 7→ x+ n, or it is a symmetry x 7→ −x + 2n with 2n ∈ Z.
Second proof of the claim:
In both cases the intervals equal to the respective convex spans of the sets
Ba, Bb are sent to each other by ϕ, in particular the length is preserved and
the extremal points are permuted. If a ∈ [−2g, 2g − 1] also b ∈ [−2g, 2g − 1]
and in the translation case n = 0, so that ϕ(x) = x and a = b. We see right
away that ϕ cannot be a symmetry, because only two points belong to the left
half of the interval.
If a < −2g the interval has length 2g − 1− a, if a > 2g − 1 the interval has
length 2g+ a. Hence, if both a, b < −2g, since the length is preserved, we find
that a = b; similarly if a, b > 2g − 1.
ABSOLUTE GALOIS ACTS FAITHFULLY ON MODULI 5
By symmetry of the situation, we only need to exclude the case a < −2g,
b > 2g − 1: here we must have 2g − 1 − a = 2g + b, i.e., a = −b − 1. We
have already treated the case where b = ϕ(a), hence we have a translation
ϕ(x) = x+n and since ϕ(2g−1) = b, ϕ(2g−2) = 2g−1, it follows that n = 1,
and then ϕ(−2g) = −2g + 1 gives a contradiction. 

We shall assume from now on that a, b ∈ Q¯ \ Q and that there is a field
automorphism σ ∈ Gal(Q¯/Q) such that σ(a) = b. (Obviously, for any σ ∈
Gal(Q¯/Q) different from the identity, there are a, b ∈ Q¯ \Q with σ(a) = b and
a 6= b.)
The following is a special case of Belyi’s celebrated theorem asserting that
an algebraic curve C can be defined over Q¯ if and only if it admits a Belyi
function, i.e., a holomorphic function f : C → P1 whose only critical values are
in the set {0, 1,∞}. The main assertion concerns the functoriality of a certain
Belyi function.
Proposition 1.2. Let P ∈ Q[x] be the minimal polynomial of a ∈ Q¯ and
consider the field L := Q[x]/(P ). Let Cx be the hyperelliptic curve over L
w2 = (z − x)(z + 2g)Π2g−1i=0 (z − i).
Then there is a rational function Fx : Cx → P
1
L such that for each a ∈ C with
P (a) = 0 it holds that the rational function Fa (obtained under the specializa-
tion x 7→ a) is a Belyi function for Ca.
Proof. Let fx : Cx → P
1
L be the hyperelliptic involution, branched in
{−2g, 0, 1, . . . , 2g − 1, x}. Then P ◦ fx has as critical values:
• the images of the critical values of fx under P , which are ∈ Q,
• the critical values y of P , i.e. the zeroes of the discriminant h1(y) of
P (z)− y with respect to the variable z.
h1 has degree deg(P ) − 1, whence, inductively as in [Belyi79], we obtain
f˜x := h ◦ P ◦ f whose critical values are all contained in Q ∪ {∞} (see [Wo01]
for more details). If we take any root a of P , then obviously f˜a has the same
critical values.
Let now r1, . . . , rn ∈ Q be the (pairwise distinct) finite critical values of f˜x.
We set:
yi :=
1
Πj 6=i(ri − rj)
.
Let N ∈ N be a positive integer such that mi := Nyi ∈ Z. Then we have
that the rational function
g(t) := Πi(t− ri)
mi ∈ Q(t)
is ramified at most in ∞ and r1, . . . rn. In fact, g
′(t) vanishes at most when
g(t) = 0 or at the points where the logarithmic derivative G(t) := g
′(t)
g(t)
=∑
imi(
1
t−ri
) has a zero. However, G(t) has simple poles at the n points
r1, . . . , rn and by the choice made we claim that it has a zero of order n at ∞.
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In fact, consider the polynomial 1
N
G(t)Πi(t− ri), which has degree ≤ n− 1
and equals
∑
i
yiΠj 6=i(t− rj) =
∑
i
Πj 6=i(t− rj)
1
Πj 6=i(ri − rj)
.
It takes value 1 in each of the points r1, . . . rn, hence it equals the constant 1.
It follows that the critical values of g ◦ f˜x are at most 0, ∞, g(∞).
We set Fx := Φ ◦ g ◦ f˜x where Φ is the affine map z 7→ g(∞)
−1z, so that the
critical values of Fx are equal to {0, 1,∞}. It is obvious by our construction
that for any root a of P , Fa has the same critical values as Fx, in particular,
Fa is a Belyi function for Ca.

Since in the sequel we shall consider the normal closure (we prefer here, to
avoid confusion, not to use the term ’Galois closure’ for the geometric setting)
ψa : Da → P
1
C of each of the functions Fa : Ca → P
1
C, we recall in the next
section the ‘scheme theoretic’ construction of the normal closure.
2. Effective construction of normal closures
In this section we consider algebraic varieties over the complex numbers,
endowed with their Hausdorff topology, and, more generally, ‘good’ covering
spaces (i.e., between topological spaces which are locally arcwise connected
and semilocally simply connected).
Lemma 2.1. Let pi : X → Y be a finite ‘good’ unramified covering space of
degree d between connected spaces X and Y .
Then the normal closure Z of pi : X → Y (i.e., the minimal unramified
covering of Y factoring through pi, and such that there exists an action of a
finite group G with Y = Z/G) is isomorphic to any connected component of
W :=Wpi := (X ×Y . . .×Y X)\∆ ⊂ X
d\∆,
where ∆ := {(x1, . . . , xd) ∈ X
d|∃i 6= j , xi = xj} is the big diagonal.
Proof. Choose base points x0 ∈ X , y0 ∈ Y such that pi(x0) = y0 and denote
by F0 the fibre over y0, F0 := pi
−1({y0}).
We consider the monodromy µ : pi1(Y, y0) → Sd = S(F0) of the unramified
covering pi. The monodromy of φ : W → Y is induced by the diagonal product
monodromy µd : pi1(Y, y0) → S(F
d
0 ), such that, for (x1, . . . , xd) ∈ F
d
0 , we have
µd(γ)(x1, . . . , xd) = (µ(γ)(x1), . . . , µ(γ)(xd)).
It follows that the monodromy of φ : W → Y , µW : pi1(Y, y0) → S(Sd) is
given by left translation µW (γ)(τ) = µ(γ) ◦ (τ).
If we denote by G := µ(pi1(Y, y0)) ⊂ Sd the monodromy group, it follows
right away that the components of W correspond to the cosets Gτ of G. Thus
all the components yield isomorphic covering spaces.

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The theorem of Grauert and Remmert ([GR58]) allows to extend the above
construction to yield normal closures of morphisms between normal algebraic
varieties.
Corollary 2.2. Let pi : X → Y be a finite morphism between normal projective
varieties, let B ⊂ Y be the branch locus of pi and set X0 := X \ pi−1(B),
Y 0 := Y \B.
If X is connected, then the normal closure Z of pi is isomorphic to any
connected component of the closure of W 0 := (X0 ×Y 0 . . . ×Y 0 X
0)\∆ in the
normalization W n of W := (X ×Y . . .×Y X) \∆.
Proof. The irreducible components of W correspond to the connected com-
ponents of W 0, as well as to the connected components Z of W n. So, our
component Z is the closure of a connected component Z0 of W 0. We know
that the monodromy group G acts on Z0 as a group of covering transforma-
tions and simply transitively on the fibre of Z0 over y0: by normality the action
extends biholomorphically to Z, and clearly Z/G ∼= Y .

3. Faithful action of the absolute Galois group on the set of
marked triangle curves (associated to very special
hyperelliptic curves)
Let a be an algebraic number, g ≥ 3, and consider as in section 1 the
hyperelliptic curve Ca of genus g defined by the equation
w2 = (z − a)(z + 2g)Π2g−1i=0 (z − i).
Let Fa : Ca → P
1 be the Belyi function constructed in proposition 1.2 and
denote by ψa : Da → P
1 the normal closure of Ca as in corollary 2.2.
Remark 3.1. (1) We denote by Ga the monodromy group of Da and ob-
serve that there is a subgroup Ha ⊂ Ga acting on Da such that
Da/Ha ∼= Ca.
(2) Observe moreover that the degree d of the Belyi function Fa depends
not only on the degree of the field etension [Q(a) : Q], but much more
on the height of the algebraic number a; one may give an upper bound
for the order of the group Ga in terms of these.
The pair (Da, Ga) that we get is a so called triangle curve, according to the
following definition (see [Cat00]):
Definition 3.2. (1) A marked variety is a triple (X,G, η) where X is a
projective variety and η : G→ Aut(X) is an injective homomorphism
(2) equivalently, a marked variety is a triple (X,G, α) where α : X×G→ X
is an effective action of the group G on X
(3) Two marked varieties (X,G, α), (X ′, G′, α′) are said to be isomorphic
if there are isomorphisms f : X → X ′, and ψ : G → G′ transporting
the action α : X ×G→ X into the action α′ : X ′×G′ → X ′, i.e., such
that
f ◦ α = α′ ◦ (f × ψ)⇔ η′ ◦ ψ = Ad(f) ◦ η, Ad(f)(φ) := fφf−1.
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(4) Is G defined as a subset of Aut(X), then the natural marked variety is
the triple (X,G, i), where i : G → Aut(X) is the inclusion map, and
shall sometimes be denoted simply by the pair (X,G).
(5) A marked curve (D,G, η) consisting of a smooth projective curve of
genus g and an effective action of the group G on D is said to be
a marked triangle curve of genus g if D/G ∼= P1 and the quotient
morphism p : D → D/G ∼= P1 is branched in three points.
Remark 3.3. Observe that:
1) we have a natural action of Aut(G) on marked varieties, namely
ψ(X,G, η) := (X,G, η ◦ ψ−1).
2) the action of the group Inn(G) of inner automorphisms does not change
the isomorphism class of (X,G, η) since, for γ ∈ G, we may set f := (η(γ)),
ψ := Ad(γ), and then η ◦ ψ = Ad(f) ◦ η, since η(ψ(g)) = η(γgγ−1) =
η(γ)η(g)(η(γ)−1) = Ad(f)(η(g)).
3) In the case where G = Aut(X), we see that Out(G) acts simply transi-
tively on the isomorphism classes of the Aut(G)-orbit of (X,G, η).
Consider now our triangle curve Da: without loss of generality we may
assume that the three branch points in P1 are {0, 1,∞} and we may choose a
monodromy representation
µ : pi1(P
1 \ {0, 1,∞})→ Ga
corresponding to the normal ramified covering ψa : Da → P
1. Denote further
by τ0, τ1, τ∞ the images of geometric loops around 0, 1, ∞ . Then we have
that Ga is generated by τ0, τ1, τ∞ and τ0 · τ1 · τ∞ = 1. By Riemann’s existence
theorem the datum of these three generators of the group Ga determines a
marked triangle curve (see [Cat00], [BCG05]).
We can phrase our previous considerations in a theorem, after preliminarily
observing:
Remark 3.4. 1) σ ∈ Aut(C) acts on C[z0, . . . zn], by sending P (z) =∑
I=(i0,...,in)
aIz
I 7→ σ(P )(z) :=
∑
I=(i0,...,in)
σ(aI)z
I .
2) Let X be a projective variety
X ⊂ PnC, X := {z|fi(z) = 0 ∀i}.
The action of σ extends coordinatewise to PnC, and carries X to the set σ(X)
which is another variety, denoted Xσ, and called the conjugate variety. In
fact, since fi(z) = 0 implies σ(fi)(σ(z)) = 0, one has that
Xσ = {w|σ(fi)(w) = 0 ∀i}.
3) Likewise, if f : X → Y is a morphism, its graph Γf is a subscheme of X×Y ,
hence we get a conjugate morphism fσ : Xσ → Y σ.
4) Similarly, if G ⊂ Aut(X), and i : G → Aut(X) is the inclusion, then σ
determines another marked variety (Xσ, G,Ad(σ) ◦ i), image of (X,G, i).
In other words, we have Gσ ⊂ Aut(Xσ) in such a way that, if we identify G
with Gσ via Ad(σ), then (X/G)σ ∼= Xσ/G.
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Theorem 3.5. To any algebraic number a /∈ Z there corresponds, through a
canonical procedure (depending on an integer g ≥ 3), a marked triangle curve
(Da, Ga).
This correspondence yields a faithful action of the absolute Galois group
Gal(Q¯/Q) on the set of isomorphism classes of marked triangle curves.
Proof. Let (D,G) be a marked triangle curve, and σ ∈ Gal(Q¯/Q): extend σ to
σ ∈ Gal(C/Q) and take the transformed curve Dσ and the transformed graph
of the action, a subset of Dσ ×Dσ ×G.
Since there is only a finite number of isomorphism classes of such pairs
(D,G) of a fixed genus g and with fixed group G, it follows that D is defined
over Q¯ and the chosen extension of σ does not really matter.
Finally, apply the action of σ to the triangle curve (Da, Ga) and assume
that the isomorphism class of (Da, Ga) is fixed by the action. This means
then, setting b := σ(a), that there is an isomorphism
f : Da → Db = Dσ(a) = D
σ
a
such that Ad(f) = Ad(σ).
In other words, σ identifies Ga with Gb by our assumption and the two
actions of Ga on Da and Db are transported to each other by f .
It suffices to show that under the isomorphism f the subgroup Ha corre-
sponds to the subgroup Hb (i.e., Ad(f)(Ha) = Hb).
Because then we conclude that, since Ca = Da/Ha, Cb = Db/Hb, f induces
an isomorphism of Ca with Cb.
And then by proposition 1.2 we conclude that a = b.
We use now that Ad(f) = Ad(σ), so it suffices to show the following
Lemma 3.6. Ad(σ)(Ha) = Hb.
Proof of the Lemma.
Let K be the Galois closure of the field L (= splitting field of the field
extension Q ⊂ L), and view L as embedded in C under the isomorphism
sending x 7→ a.
Consider the curve Cˆx obtained from Cx by scalar extension Cˆx := Cx⊗LK.
Let also Fˆx := Fx ⊗L K the corresponding Belyi function with values in P
1
K .
Apply now the effective construction of the normal closure of section 2:
hence, taking a connected component of (Cˆx ×P1
K
. . .×P1
K
Cˆx) \∆ we obtain a
curve Dx defined over K.
Note that Dx is not geometrically irreducible, but, once we tensor with C,
it splits into several components which are Galois conjugate and which are
isomorphic to the conjugates of Da.
Apply now the Galois automorphism σ to the triple Da → Ca → P
1. Since
the triple is induced by the triple Dx → Cx → P
1
K by taking a tensor product
⊗KC via the embedding sending x 7→ a, and the morphisms are induced by
the composition of the inclusion Dx ⊂ (Cx)
d with the coordinate projections,
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respectively by the fibre product equation, it follows from proposition 1.2 that
σ carries the triple Da → Ca → P
1 to the triple Db → Cb → P
1.
QED.

If we want to interpret our argument in terms of Grothendieck’s e´tale fun-
damental group, we define C0x := F
−1
x (P
1 \ {0, 1,∞}), and accordingly Cˆ0x and
D0x.
There are the following exact sequences for the Grothendieck e´tale funda-
mental group (compare Theorem 6.1 of [SGA1]):
1→ pialg1 (D
0
a)→ pi
alg
1 (D
0
x)→ Gal(Q¯/K)→ 1
1→ pialg1 (C
0
a)→ pi
alg
1 (C
0
x)→ Gal(Q¯/K)→ 1
1→ pialg1 (P
1
C \ {0, 1,∞})→ pi
alg
1 (P
1
K \ {0, 1,∞})→ Gal(Q¯/K)→ 1
where Ha and Ga are the respective factor groups for the (vertical) inclu-
sions of the left hand sides, corresponding to the first and second sequence,
respectively to the first and third sequence.
On the other hand, we also have the exact sequence
1→ pialg1 (P
1
C \ {0, 1,∞})→ pi
alg
1 (P
1
Q \ {0, 1,∞})→ Gal(Q¯/Q)→ 1.
The finite quotient Ga of pi
alg
1 (P
1
C \ {0, 1,∞}) (defined over K) is sent by
σ ∈ Gal(Q¯/Q) to another quotient, corresponding to Dσ(a), and the subgroup
Ha, yielding the quotient Ca, is sent to the subgroup Hσ(a).
Remark 3.7. Assume that the two triangle curves Da and Db = Dσ(a) are
isomorphic through a complex isomorphism f : Da → Db (but without that nec-
essarily (f,Ad(σ)) yields an isomorphism of marked triangle curves (Da, Ga),
(Db, Gb)).
We define ψ : Ga → Ga to be equal to ψ := Ad(σ
−1 ◦ f).
Then Ad(f) = Ad(σ) ◦ ψ and applying to y ∈ Db, y = f(x) we get
Ad(f)(g)(y) = (Ad(σ) ◦ ψ)(g)(y)⇔ f(g(x)) = (Ad(σ) ◦ ψ)(g)(f(x)).
Identifying Ga with Gb under Ad(σ), one can interpret the above formula as
asserting that f is only ‘twisted’ equivariant (f(g(x))” = ”ψ(g)(f(x)).
Proposition 3.8. Assume that the two triangle curves Da and Db = Dσ(a) are
isomorphic under a complex isomorphism f and that the above automorphism
ψ ∈ Aut(G) such that f(g(x)) = (Ad(σ) ◦ ψ)(g)(f(x)) is inner.
Then Ca ∼= Cb, hence a = b.
Proof. If ψ is inner, then the marked triangle curves (Da, Ga) = (Da, Ga, ia) (ia
being the inclusion map of Ga ⊂ Aut(Da)), and its transform by σ, (Db, G
σ
a) =
(Db, Ga,Ad(σ) ◦ ia) are isomorphic.
Then the argument of theorem 3.5 implies that Ca ∼= Cb, hence a = b.

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We pose here the following conjecture, which is a strengthening of the pre-
vious theorem 3.5
Conjecture 3.9. (Conjecture 2.13 in [Cat09]) The absolute Galois group
Gal(Q¯/Q) acts faithfully on the set of isomorphism classes of (unmarked) tri-
angle curves.
The following definition will be useful in the proof of theorem 0.4.
Definition 3.10. Let a ∈ Q¯ be an algebraic number and let (Da, Ga) be the
associated marked triangle curve obtained by the canonical procedure above
(depending on an integer g ≥ 3). Then (Da,Aut(Da)) is called the fully marked
triangle curve associated to a.
Remark 3.11. If we consider instead of (Da, Ga) the fully marked trian-
gle curve (Da,Aut(Da)) we have also the subgroup Ha ≤ Aut(Da) such that
Da/Ha = Ca, where Ca is the very special hyperelliptic curve associated to the
algebraic number a.
The same proof as the proof of theorem 3.5 gives
Theorem 3.12. To any algebraic number a /∈ Z there corresponds, through a
canonical procedure (depending on an integer g ≥ 3), a fully marked triangle
curve (Da,Aut(Da)).
This correspondence yields a faithful action of the absolute Galois group
Gal(Q¯/Q) on the set of isomorphism classes of fully marked triangle curves.
4. Connected components of moduli spaces associated to very
special hyperelliptic curves
Fix now an integer g ≥ 3, and another integer g′ ≥ 2.
Consider now all the algebraic numbers a /∈ Q and all the possible smooth
complex curves C ′ of genus g′, observing that the fundamental group of C ′ is
isomorphic to the standard group
pig′ := 〈α1, β1, . . . , αg′, βg′|Π
g′
i=1[αi, βi] = 1〉.
Since g′ ≥ 2 and Ga is 2−generated there are plenty of epimorphisms (sur-
jective homomorphisms) µ : pig′ → Ga. For instance it suffices to consider the
epimorphism θ : pig′ → Fg′ from pig′ to the free group Fg′ :=< λ1, . . . , λg′ > in
g′ letters given by θ(αi) = θ(βi) = λi, ∀ 1 ≤ i ≤ g
′, and to compose θ with
the surjection φ : Fg′ → Ga, given by φ(λ1) = τ0, φ(λ2) = τ1, and φ(λi) = 1 for
3 ≤ i ≤ g′.
Consider all the possible epimorphisms µ : pig′ → Ga. Each such µ gives a
normal unramified covering D′ → C ′ with monodromy group Ga.
Let us recall now the basic definitions underlying our next construction:
the theory of surfaces isogenous to a product, introduced in [Cat00](see also
[Cat03]), and which holds more generally for varieties isogenous to a product.
Definition 4.1. (1) A surface isogenous to a (higher) product is a com-
pact complex projective surface S which is a quotient S = (C1×C2)/G
12 INGRID BAUER, FABRIZIO CATANESE AND FRITZ GRUNEWALD
of a product of curves of resp. genera g1, g2 ≥ 2 by the free ac-
tion of a finite group G. It is said to be unmixed if the embedding
i : G → Aut(C1 × C2) takes values in the subgroup (of index at most
two) Aut(C1)× Aut(C2).
(2) A Beauville surface is a surface isogenous to a (higher) product which
is rigid, i.e., it has no nontrivial deformation. This amounts to the
condition, in the unmixed case, that (Ci, G) is a triangle curve.
(3) An e´tale marked surface is a triple (S ′, G, η) such that the action of G is
fixpoint free. An e´tale marked surface can also be defined as a quintuple
(S, S ′, G, η, F ) where η : G → Aut(S ′) is an effective free action, and
F : S → S ′/G is an isomorphism.
Observe that a surjection of the fundamental group r : pi1(S, y)→ G deter-
mines an e´tale marked surface. Once a base point y is fixed, then the marking
provides the desired surjection r. Moving the base point y around amounts to
replacing r with the composition r ◦ Ad(γ), for γ ∈ pi1(S, y). However,
(r ◦ Ad(γ))(δ) = r(γδγ−1) = (Ad(r(γ)) ◦ r)(δ).
Therefore we see that we have to divide by the group Inn(G) acting on the
left.
In this case the associated subgroup of the covering is a normal subgroup,
hence uniquely determined, independently of the choice of a base point above y;
however, the corresponding isomorphism of the quotient group with G changes,
and as a result the epimorphism r is modified by an inner automorphism
of G. On the other hand the action of nontrivial elements in Out(G) :=
Aut(G)/ Inn(G) may transform the marking into a non isomorphic one.
Remark 4.2. Consider the coarse moduli space Mx,y of canonical models of
surfaces of general type X with χ(OX) = x,K
2
X = y. Gieseker ([Gie77]) proved
that Mx,y is a quasi-projective variety.
We denote by M the disjoint union ∪x,y≥1Mx,y, and we call it the moduli
space of surfaces of general type.
Fix a finite group G and consider the moduli space MˆGx,y for e´tale marked
surfaces (X,X ′, G, η, F ), where the isomorphism class [X ] ∈Mx,y.
This moduli space MˆGx,y is empty if there is no surjection r : pi1(X, y)→ G,
otherwise we obtain that MˆGx,y is a finite e´tale covering space of Mx,y with fibre
over X equal to the quotient set
Epi(pi1(X, y), G)/ Inn(G).
By the theorem of Grauert and Remmert ( [GR58]) MˆGx,y is a quasi-projective
variety.
Recall the following result concerning surfaces isogenous to a product
([Cat00], [Cat03]):
Theorem 4.3. Let S = (C1×C2)/G be a surface isogenous to a product. Then
any surface X with the same topological Euler number and the same fundamen-
tal group as S is diffeomorphic to S. The corresponding subset of the moduli
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space MtopS = M
diff
S , corresponding to surfaces homeomorphic, resp, diffeo-
morphic to S, is either irreducible and connected or it contains two connected
components which are exchanged by complex conjugation.
If S is a Beauville surface (i.e., S is rigid) this implies: X ∼= S or X ∼= S¯.
It follows also that a Beauville surface is defined over Q¯, whence the Galois
group Gal(Q¯/Q) acts on the discrete subset of the moduli space M of surfaces
of general type corresponding to Beauville surfaces.
It is tempting to make the following
Conjecture 4.4. (Conjecture 2.11 in [Cat09]) The absolute Galois group
Gal(Q¯/Q) acts faithfully on the discrete subset of the moduli space M of sur-
faces of general type corresponding to Beauville surfaces.
Definition 4.5. Let Na be the subset of the moduli space of surfaces of general
type given by surfaces isogenous to a product of unmixed type S ∼= (Da ×
D′)/Ga, where Da, D
′ are as above (and the group Ga acts by the diagonal
action).
From [Cat00] and especially Theorem 3.3 of [Cat03] it follows:
Proposition 4.6. For each a ∈ Q¯, Na is a union of connected components of
the moduli spaces of surfaces of general type.
Moreover, for σ ∈ Gal(Q¯/Q), σ(Na) = Nσ(a).
Proof. Since Da is a triangle curve, the pair (Da, Ga) is rigid, whereas, varying
C ′ and µ, we obtain the full union of the moduli spaces for the pairs (D′, Ga),
corresponding to the possible free topological actions of the group Ga on a
curve D′ of genus |Ga|(g
′ − 1) + 1.
Thus, the surfaces S ∼= (Da ×D
′)/Ga give, according to the cited theorem
3.3 of [Cat03], a union of connected components of the moduli space M of
surfaces of general type.
Choose now a surface S as above (thus, [S] ∈ Na) and apply the field
automorphism σ ∈ Aut(C) to a point of the Hilbert scheme corresponding
to the 5-canonical image of S (which is isomorphic to S, since the canonical
divisor of S is ample). We obtain a surface which we denote by Sσ.
By taking the fibre product of σ with Da × D
′ → S it follows that Sσ has
an e´tale covering with group Ga which is the product (Da)
σ × (D′)σ.
Recall that (Ca)
σ = Cσ(a) (since σ(a) corresponds to another embedding of
the field L into C), and recall the established equality for Belyi maps (Fa)
σ =
Fσ(a), which implies (Da)
σ = Dσ(a).
On the other hand, the quotient of (D′)σ by the action of the group Ga has
genus equal to the dimension of the space of invariants dim(H0(Ω1(D′)σ)
Ga), but
this dimension is the same as g′ = dim(H0(Ω1D′)
Ga). Hence the action of Ga
on (D′)σ is also free (by Hurwitz’ formula), and we have shown that Sσ is a
surface whose moduli point is in Nσ(a).
Finally, since the subscheme of the Hilbert scheme corresponding to these
points is defined over Q, it follows that the action on the set of connected
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components of this subscheme, which is the set of connected components of
the moduli space, depends only on the image σ ∈ Gal(Q¯/Q).

Let us explain the rough idea for our strategy: for each σ ∈ Gal(Q¯/Q) which
is nontrivial we would like to find a such that, setting b := σ(a):
(**) a 6= b and Na and Nb do not intersect.
If (**) holds, then we can easily conclude that σ acts nontrivially on the set
pi0(M) of connected components of M. If (**) does not hold for each a, the
strategy must be changed and becomes a little bit more complicated.
Observe that the condition thatNa andNb intersect implies, by the structure
theorem for surfaces isogenous to a product, only the weaker statement that
the two triangle curves Da and Db are isomorphic.
In order to resort to the result established in the previous section we first
of all consider some connected components of moduli spaces of e´tale marked
surfaces, specifically of e´tale marked surfaces isogenous to a product.
Let therefore S = (C1 × C2)/G be a surface isogenous to a product, of
unmixed type. Then the conjugate surface Sσ has an e´tale cover with group
G, and we see that σ acts on the e´tale marked surface (S, C1 × C2, G, η, F )
carrying it to (Sσ, Cσ1 × C
σ
2 , G
σ, ησ, F σ). In particular, Ad(σ) identifies the
group G acting on C1 × C2 with the one acting on C
σ
1 × C
σ
2 .
Now, Sσ belongs to the same connected component of S, or to its complex
conjugate, if and only if there exists an isomorphism Φ: pi1(S
σ)→ pi1(S).
Identifying G and Gσ via Ad(σ), the surjection r : pi1(S)→ G, whose kernel
is pi1(C1×C2), yields a second surjection r ◦Φ: pi1(S
σ)→ G, which has kernel
pi1(C1 × C2)
σ, by the unicity of the minimal realization of a surface isogenous
to a product ([Cat00], prop. 3.15).
Hence r ◦Φ differs from the surjection rσ via an automorphism ψ ∈ Aut(G)
such that
r ◦ Φ = ψ ◦ rσ.
The condition that moreover we get the same e´tale marked surface is that
the automorphism ψ is inner. The above argument yields now the following
Theorem 4.7. The absolute Galois group Gal(Q¯/Q) acts faithfully on the set
of connected components of the (coarse) moduli space of e´tale marked surfaces
isogenous to a higher product.
Proof. Given a ∈ Q¯, consider a connected component Nˆρa of the space of G-
marked surfaces of general type MGx,y corresponding to a given homomorphism
µ : pig′ → G := Ga.
This homomorphism has a kernel isomorphic to pig2 , and conjugation by
elements of pig′ determines a homomorphism
ρ : G→ Out+(pig2) = Mapg2
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which is well defined, up to conjugation in the mapping class group Mapg2 (ρ
is the topological type of the action of G).
Our theorem follows now from the following
Main Claim: if Nˆρa = σ(Nˆ
ρ
a), then necessarily a = σ(a).
Our assumption says that there are two curves C,C ′ of genus g′, and two
respective covering curves C2, C
′
2, with group Ga and monodromy type µ
(equivalently, with topological type ρ of the action of Ga), such that there
exists an isomorphism
f : Dσa × C
σ
2 → Da × C
′
2
commuting with the action of Ga on both surfaces.
By the rigidity lemma 3.8 of [Cat00], f is of product type, and since one
action is not free while the other is free, we obtain that f = f1 × f2, where
f1 : D
σ
a → Da commutes with the Ga action.
Therefore the marked triangle curves (Da, Ga, ia) and (D
σ
a , Ga,Ad(σ)ia) are
isomorphic and by Theorem 3.5 we get a = σ(a).

4.1. What happens, if we forget the marking?
Assume now that σ acts as the identity on the subset pi0(Na) of pi0(M), whose
points correspond to the connected components Nρa (image of Nˆ
ρ
a in the moduli
space M of surfaces of general type).
Then we use the following trick: let λ ∈ Aut(G), and consider now the
epimorphism λ ◦ µ, to which corresponds the connected component Nρλ
−1
a of
the moduli space.
The component contains a surface Sλ which is the quotient of the same
product of curves C1 × C2, but where the action of G is different, since we
divide by another subgroup, the subgroup
G(λ) := {(g, λ(g)) ⊂ G×G}.
Therefore the Galois action on C1 × C2 is always the same, and we get, by
the above assumption, that there is an automorphism ψλ of G, induced by an
isomorphism of pi1(Sλ) with pi1(S
σ
λ ).
Indeed, this isomorphism of fundamental groups is induced by an isomor-
phism of Sλ with the conjugate (S
′′
λ)
σ of another surface S ′′λ in the connected
component; this isomorphism lifts to an isomorphism of product type
f1 × f2 : C1 × C2 ∼= C
σ
1 × (C
′′
2 )
σ.
Notice that, for each λ, (S ′′λ)
σ is a quotient of Cσ1 × (C
′′
2 )
σ.
Identifying these two surfaces to Sλ = (C1×C2)/G via this isomorphism, we
get that the Galois automorphism σ acts on G×G by a product automorphism
ψ1 × ψ2, and the automorphism ψλ of G is induced by the identification of
G ∼= G(λ) given by the first projection.
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Note that, while ψ1 is unique, ψ2 is only defined up to an inner automor-
phism, corresponding to an automorphism of C2 contained in G.
We must now have that
(ψ1 × ψ2)(G(λ)) = G(λ)⇔ (ψ1(g), ψ2(λ(g))) ∈ G(λ)⇔
⇔ ψ2(λ(g))) = λ(ψ1(g))∀g ∈ G.
By setting λ = Id, we obtain ψ1 = ψ2, and using
ψ2 ◦ λ = λ ◦ ψ1
we reach the following conclusion
Proposition 4.8. ψ1 lies in the centre Z(Aut(G)) of Aut(G), in particular
the class [ψ1] ∈ Out(G) lies in the centre Z(Out(G)).
Clearly, if this class is trivial, then the triangle curves (Da, G) and (Db, G)
differ by an inner automorphism of G and we conclude by proposition 3.8 that
Ca ∼= Cb, hence a = b, a contradiction.
Hence we may assume that the class [ψ1] ∈ Z(Out(G)) is nontrivial.
We are now ready for the proof of
Theorem 4.9. The absolute Galois group Gal(Q¯/Q) acts faithfully on the set
of connected components of the (coarse) moduli space of surfaces of general
type.
There are two main intermediate results, which obviously together imply
theorem 0.4.
For the first we need a new definition.
Definition 4.10. Let a ∈ Q¯ \Q and define G˜a := Aut(Da).
Given a surjective homomorphism
µ˜ : pig′ → G˜a,
with topological type ρ˜, consider all the e´tale covering spaces C2 → C2/G˜a = C
′
of curves C ′ of genus g′ with this given topological type.
Consider then the connected component N˜ρ˜a of the moduli space of surfaces
of general type M corresponding to surfaces isogenous to a product of the type
S = (Da × C2)/G˜a.
Proposition 4.11. Let K be the kernel of the action of Gal(Q¯/Q) on pi0(M).
Then K is an abelian subgroup.
Proof. We want to embed the kernel K in an abelian group, e.g. a direct
product of groups of the form Z(Out(G)), using proposition 4.8.
Assume that σ lies in the kernel K. Then, for each algebraic number a, and
every ρ˜ as above, σ stabilizes the connected component N˜ρ˜a .
Let us denote here for simplicity G := G˜a.
Hence to σ we associate an element [ψ1] ∈ Z(Out(G)), which is nontrivial if
and only if σ(a) 6= a.
ABSOLUTE GALOIS ACTS FAITHFULLY ON MODULI 17
Therefore it suffices to show that, for a fixed a ∈ Q¯, and ρ˜ : G → Mapg2 =
Out(pig2), the function explained before stating proposition 4.8
σ 7→ [ψ1] ∈ Z(Out(G))
is a homomorphism.
Observe that in fact, there is a dependence of ψ1 on σ and on the algebraic
number a. To stress these dependences, we change the notation and denote
the isomorphism ψ1 corresponding to σ and a, by ψσ,a, i.e.,
ψσ,a(g) = Φ
−1
1 ◦ g
σ ◦ Φ1 = Φ
−1
1 ◦ σgσ
−1 ◦ Φ1,
where Φ1 : Da → Dσ(a) is the isomorphism induced by the fact that σ stabilizes
the component N˜ρ˜a.
Since Da is fully marked, whenever we take another isomorphism Φ: Da →
Dσ(a) we have that (Φ)
−1 ◦ Φ1 ∈ Aut(Da) = G. Therefore, since we work in
Out(Ga), ψσ,a does not depend on the chosen isomorphism Φ: Da → Dσ(a).
Let now σ, τ be elements of K. We have then (working always up to inner
automorphisms of G):
• ψσ,a = Ad(ϕ
−1σ), for any isomorphism ϕ : Da → Dσ(a), and any alge-
braic number a;
• ψτ,a = Ad(Φ
−1τ), for any isomorphism Φ: Da → Dτ(a), and any alge-
braic number a;
• ψτσ,a = Ad(Ψ
−1τσ), for any isomorphism Ψ: Da → Dτσ(a).
We can choose Ψ := ϕτ ◦ Φ, and then we see immediately that
(1) ψτσ,a = Ad((ϕ
τ ◦ Φ)−1τσ) = Ad(Φ−1(ϕτ)−1τσ) =
= Ad(Φ−1τϕ−1τ−1τσ) = Ad(Φ−1τ) Ad(ϕ−1σ) = ψσ,a ◦ ψτ,a.
This shows that the injective map
K→
∏
a∈Q¯
∏
ρ˜
Z(Out(G˜a)),
is in fact a group homomorphism. Therefore K is abelian (as subgroup of an
abelian group).

Proposition 4.12. Any abelian normal subgroup K of Gal(Q¯/Q) is trivial.
Proof. Let N ⊂ Q¯ be the fixed subfield for the subgroup K of Gal(Q¯/Q).
N is a Galois extension of the Hilbertian field Q and N , if K is not trivial,
is not separably closed. Hence, by proposition 16.11.6 of [F-J08] then Gal(N)
is not prosolvable, in particular, K = Gal(N) is not abelian, a contradiction.

Theorem 0.4 has the following consequence:
Theorem 4.13. If σ ∈ Gal(Q¯/Q) is not in the conjugacy class of complex
conjugation c, then there exists a surface isogenous to a product X such that X
and the Galois conjugate surface Xσ have non isomorphic fundamental groups.
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Proof. By a theorem of Artin (see cor. 9.3 in [Lang])) we know that any σ
which is not in the conjugacy class of c has infinite order.
By theorem 0.4 the orbits of σ on the subset of pi0(M) corresponding to the
union of the Na’s have unbounded cardinality, otherwise there is a power of σ
acting trivially, contradicting the statement of 0.4.
Take now an orbit with three elements at least: then we get surfaces S0,
S1 := S
σ
0 , S2 := S
σ
1 , which belong to three different components. Since we have
at most two different connected components where the fundamental group is
the same, we conclude that either pi1(S0) 6= pi1(S1) or pi1(S1) 6= pi1(S2).

Observe thatXa and (Xa)
σ have isomorphic Grothendieck e´tale fundamental
groups. In particular, the profinite completion of pi1(Xa) and pi1((Xa)
σ) are
isomorphic. In the last section we shall give explicit examples where the actual
fundamental groups are not isomorphic.
Another interesting consequence is the following. Observe that the absolute
Galois group Gal(Q¯/Q) acts on the set of connected components of the (coarse)
moduli spaces of minimal surfaces of general type. Theorem 4.13 has as a
consequence that this action of Gal(Q¯/Q) does not induce an action on the set
of isomorphism classes of fundamental groups of surfaces of general type.
Corollary 4.14. Gal(Q¯/Q) does not act on the set of isomorphism classes of
fundamental groups of surfaces of general type.
Proof. In fact, complex conjugation does not change the isomorphism class
of the fundamental group (X and X¯ are diffeomorphic). Now, if we had an
action on the set of isomorphism classes of fundamental groups, then the whole
normal closure H of the Z/2 generated by complex conjugation (the set of
automorphisms of finite order, by the cited theorem of E. Artin, see corollary
9.3 in [Lang]) would act trivially.
By Theorem 4.13 the subgroup H would then be equal to the union of these
elements of order 2 in Gal(Q¯/Q). But a group where each element has order
≤ 2 is abelian, and again we would have a normal abelian subgroup, H, of
Gal(Q¯/Q), contradicting 4.12.

The above arguments show that the set of elements σ ∈ Gal(Q¯/Q) such
that for each surface of general type S and Sσ have isomorphic fundamental
groups is indeed a subgroup where all elements of order two, in particular it is
an abelian group of exponent 2.
Question 4.15. (Conjecture 2.5 in [Cat09]) Is it true that for each σ ∈
Gal(Q¯/Q), different from the identity and from complex conjugation, there
exists a surface of general type S such that S and Sσ have non isomorphic
fundamental groups ?
It is almost impossible to calculate explicitly the fundamental groups of the
surfaces constructed above, since one has to explicitly calculate the monodromy
of the Belyi function of the very special hyperelliptic curves Ca.
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Therefore we give in the next section explicit examples of pairs of rigid
surfaces with non isomorphic fundamental groups which are Galois conjugate.
5. Explicit examples
In this section we provide, as we already mentioned, explicit examples of
pairs of surfaces with non isomorphic fundamental groups which are conjugate
under the absolute Galois group. Hence they have non isomorphic fundamental
groups with isomorphic profinite completions (recall that the completion of a
group G is the inverse limit
Gˆ = limKEfG(G/K),
of the factors G/K, K being a normal subgroup of finite index in G).
The surfaces in our examples are rigid.
In fact, we can prove the following
Theorem 5.1. Beauville surfaces yield explicit examples of Galois conjugate
surfaces with non-isomorphic fundamental groups (whose profinite completions
are isomorphic).
We consider (see [BCG06] for an elementary treatment of what follows)
polynomials with only two critical values: {0, 1}.
Let P ∈ C[z] be a polynomial with critical values {0, 1}.
In order not to have infinitely many polynomials with the same branching
behaviour, one considers normalized polynomials P (z) := zn+an−2z
n−2+. . . a0.
The condition that P has only {0, 1} as critical values, implies, as we shall
briefly recall, that P has coefficients in Q¯. Denote by K the number field
generated by the coefficients of P .
Fix the types (m1, . . . , mr) and (n1, . . . , ns) of the cycle decompositions of
the respective local monodromies around 0 and 1: we can then write our
polynomial P in two ways, namely as:
P (z) =
r∏
i=1
(z − βi)
mi ,
and
P (z) = 1 +
s∏
k=1
(z − γk)
nk .
We have the equations F1 =
∑
miβi = 0 and F2 =
∑
nkγk = 0 (since P
is normalized). Moreover, m1 + . . . + mr = n1 + . . . + ns = n = degP and
therefore, since
∑
j(mj − 1) +
∑
i(ni − 1) = n− 1, we get r + s = n+ 1.
Since we have
∏r
i=1(z − βi)
mi = 1 +
∏s
k=1(z − γk)
nk , comparing coeffi-
cients we obtain further n − 1 polynomial equations with integer coefficients
in the variables βi, γk, which we denote by F3 = 0, . . . , Fn+1 = 0. Let
V(n; (m1, . . . , mn), (n1, . . . , ns)) be the algebraic set in affine (n+1)-space de-
fined by the equations F1 = 0, . . . , Fn+1 = 0. Mapping a point of this algebraic
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set to the vector (a0, . . . , an−2) of coefficients of the corresponding polynomial
P we obtain a set
W(n; (m1, . . . , mn), (n1, . . . , ns))
(by elimination of variables) in affine (n − 1) space. Both these are finite
algebraic sets defined over Q since by Riemann’s existence theorem they are
either empty or have dimension 0.
Observe also that the equivalence classes of monodromies µ : pi1(P
1 \
{0.1.∞}) → Sn correspond to the orbits of the group of n-th roots of 1 (we
refer to [BCG06] for more details).
Lemma 5.2.
W := W(7; (2, 2, 1, 1, 1); (3, 2, 2))
is irreducible over Q and splits into two components over C.
Proof. This can easily be calculated by a MAGMA routine. 
The above lemma implies that Gal(Q¯/Q) acts transitively on W. Looking
at the possible monodromies, one sees that there are exactly two real non
equivalent polynomials.
In both cases, which will be explicitly described later on, the two permuta-
tions, of types (2, 2) and (3, 2, 2), are seen to generate A7 and the respective
normal closures of the two polynomial maps are easily seen to give (we use
here the fact that the automorphism group of A7 is S7) nonequivalent triangle
curves D1, D2.
By Hurwitz’s formula, we see that g(Di) =
|A7|
2
(1− 1
2
− 1
6
− 1
7
) + 1 = 241.
Definition 5.3. Let (a1, a2, a3) and (b1, b2, b3) be two spherical sys-
tems of generators of a finite group G of the same signature, i.e.,
{ord(a1), ord(a2), ord(a3)} = {ord(b1), ord(b2), ord(b3)}. Then (a1, a2, a3) and
(b1, b2, b3) are called Hurwitz equivalent iff they are equivalent under the equiv-
alence relation generated by
(a1, a2, a3) ≡ (a2, a
−1
2 a1a2, a3),
(a1, a2, a3) ≡ (a1, a3, a
−1
3 a2a3).
It is well known that two such triangle curves are isomorphic, compatibly
with the action of the group G, if and only if the two spherical systems of
generators are Hurwitz equivalent.
Lemma 5.4. There is exactly one Hurwitz equivalence class of triangle curves
given by a spherical system of generators of signature (5, 5, 5) of A7.
Proof. This is shown by an easy MAGMA routine. 
Remark 5.5. In other words, if D1 and D2 are two triangle curves given by
spherical systems of generators of signature (5, 5, 5) of A7, then D1 and D2 are
not only isomorphic as algebraic curves, but they have the same action of G.
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Let D be the triangle curve given by a(ny) spherical systems of generators
of signature (5, 5, 5) of A7. Then by Hurwitz’ formula D has genus 505.
Consider the two triangle curves D1 and D2 as in example 5.2. Clearly A7
acts freely on D1×D as well as on D2×D and we obtain two non isomorphic
Beauville surfaces S1 := (D1 ×D)/G, S2 := (D2 ×D)/G.
Proposition 5.6. 1) S1 and S2 have nonisomorphic fundamental groups.
2) There is a field automorphism σ ∈ Gal(Q¯/Q) such that S2 = (S1)
σ. In
particular, the profinite completions of pi1(S1) and pi1(S2) are isomorphic.
Remark 5.7. The above proposition proves theorem 5.1.
Proof. 1) Obviously, the two surfaces S1 and S2 have the same topological
Euler characteristic. If they had isomorphic fundamental groups, by theorem
3.3 of [Cat03], S2 would be the complex conjugate surface of S1. In particular,
C1 would be the complex conjugate triangle curve of C2: but this is absurd
since we shall show that both C1 and C2 are real triangle curves.
2) We know that (S1)
σ = ((C1)
σ× (C)σ)/G. Since there is only one Hurwitz
class of triangle curves given by a spherical system of generators of signature
(5, 5, 5) of A7, we have (C)
σ ∼= C (with the same action of G). 
We determine now explicitly the respective fundamental groups of S1 and
S2.
In general, let (a1, . . . , an) and (b1, . . . , bm) be two sets of spherical gen-
erators of a finite group G of respective order signatures r := (r1, . . . , rn),
s := (s1, . . . , sm). We denote the corresponding ‘polygonal’ curves by D1,
resp. D2.
Assume now that the diagonal action of G on D1 ×D2 is free. We get then
the smooth surface S := (D1 ×D2)/G, isogenous to a product.
Denote by Tr := T (r1, . . . , rn) the polygonal group
〈x1, . . . , xn−1|x
r1
1 = . . . = x
rn−1
n−1 = (x1x2 . . . xn−1)
rn = 1〉.
We have the exact sequence (cf. [Cat00] cor. 4.7)
1→ pi1 × pi2 → Tr × Ts → G×G→ 1,
where pii := pi1(Di).
Let ∆G be the diagonal in G × G and let H be the inverse image of ∆G
under Φ: Tr × Ts → G×G. We get the exact sequence
1→ pi1 × pi2 → H → G ∼= ∆G → 1.
Remark 5.8. pi1(S) ∼= H (cf. [Cat00] cor. 4.7).
We choose now an arbitrary spherical system of generators of signature
(5, 5, 5) of A7, for instance ((1, 7, 6, 5, 4), (1, 3, 2, 6, 7), (2, 3, 4, 5, 6)). Note that
we use here MAGMA’s notation, where permutations act on the right (i.e., ab
sends x to (xa)b).
A MAGMA routine shows that
(2) ((1, 2)(3, 4), (1, 5, 7)(2, 3)(4, 6), (1, 7, 5, 2, 4, 6, 3))
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and
(3) ((1, 2)(3, 4), (1, 7, 4)(2, 5)(3, 6), (1, 3, 6, 4, 7, 2, 5))
are two representatives of spherical generators of signature (2, 6, 7) yielding
two non isomorphic triangle curves C1 and C2, each of which is isomorphic to
its complex conjugate. In fact, an alternative direct argument is as follows.
First of all, Ci is isomorphic to its complex conjugate triangle curve since,
for an appropriate choice of the real base point, complex conjugation sends
a 7→ a−1, b 7→ b−1 and one sees that the two corresponding monodromies are
permutation equivalent (see Figure 1 and Figure 2).
Moreover, since Aut(A7) = S7, if the two triangle curves were isomorphic,
then the two monodromies were conjugate in S7. That this is not the case is
seen again by the following pictures.
Figure 1. Monodromy corresponding to (1)
Figure 2. Monodromy corresponding to (2)
The two corresponding homomorphisms Φ1 : T(2,6,7)×T(5,5,5) → A7×A7 and
Φ2 : T(2,6,7) × T(5,5,5) → A7 × A7 give two exact sequences
1→ pi1(C1)× pi1(C)→ T(2,6,7) × T(5,5,5) → A7 × A7 → 1,
and
1→ pi1(C2)× pi1(C)→ T(2,6,7) × T(5,5,5) → A7 × A7 → 1,
yielding two non isomorphic fundamental groups pi1(S1) = Φ
−1
1 (∆A7) and
pi1(S2) = Φ
−1
2 (∆A7) fitting both in an exact sequence of type
1→ pi241 × pi505 → pi1(Sj)→ ∆A7
∼= A7 → 1,
where pi241 ∼= pi1(C1) ∼= pi1(C2), pi505 = pi1(C).
Using the same trick that we used for our main theorems, namely, using a
surjection of a group Πg → A7, g ≥ 2, we get infinitely many examples of pairs
of fundamental groups which are nonisomorphic, but which have isomorphic
profinite completions.
This implies the following
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Theorem 5.9. There is an infinite sequence g1 < g2 < . . . < gi < . . . and
for each gi there is a pair of surfaces S1(gi) and S2(gi) isogenous to a product,
such that
• the corresponding connected components N(S1(gi)) and N(S2(gi)) are
disjoint,
• there is a σ ∈ Gal(Q¯/Q) such that σ(N(S1(gi))) = N(S2(gi)),
• pi1(S1(gi)) is non isomorphic to pi1(S2(gi)), but they have isomorphic
profinite completions,
• the fundamental groups fit into an exact sequence
1→ Π241 ×Πg′i → pi1(Sj(gi))→ A7 → 1, j = 1, 2.
Remark 5.10. 1) Many more explicit examples as the one above (but with
cokernel group different from A7) can be obtained using polynomials with two
critical values.
2) A construction of polynomials with two critical values having a very large
Galois orbit was proposed to us by D. van Straten.
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